'Measurement-free' quantum feedback control of nuclear field squeezing in quantum dot 
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In the coupled electron-nuclear spin dynamics, the nuclear hyperfine field can perturb the spin orientation of 
the electron eigenstates in a moderate external field, which in turn determines the back-action to the nuclear 
spins. This makes possible 'measurement-free' quantum feedback control of nuclear field squeezing for en- 
hancing electron spin dephasing time, and exemplary realizations are demonstrated using cyclic controls in a 
double quantum-dot system. In particular, we show that the remarkable enhancement of two-spin dephasing 
time observed by Reilly et al. [Science 321, 817 (2008)] is a manifestation of this feedback squeezing of the 
nuclear field gradient between the two dots, and our theory agrees quantitatively with that experiment. 
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A single electron spin in a semiconductor quantum dot is 
an attractive candidate for a solid-state quantum bit |Q]]. Re- 
cent experiments have demonstrated the capability of read, 
write, and control of single spin in different III-V quantum 
dot systems, by optical means or electric 

means fl §, Mill. 



H, [lH Q- An outstanding bottleneck 



towards spin-based quantum computation has been the fast de- 
phasing of the electron spin by the nuclear spin environment in 
the III-V materials. Even at temperature as low as ~ 100 mK, 
the thermal statistical fluctuation of the nuclear spin configu- 
rations still corresponds to a large inhomogeneous broadening 
in nuclear magnetic field, which dephases the electron spin in 
a timescale of T 2 * - 1 - 10 ns |H3, [HI EH [TH E3] - Spin echo 
approach can transiently remove inhomogeneous dephasing at 
certain spin-echo times for an ultrashort duration equal to T 2 
time lll2l.ll4ll . but this may be insufficient to allow the general 
quantum logic controls. 

In principle, the nuclear field inhomogeneous broadening 
can be squeezed below its thermal value aft er prope r proce- 
dures of nuclear state preparation 

M MM EH El M EI , 



and the resultant enhancement on the T 2 * time can last for sec- 
onds or even longer as nuclear spin relaxation is extremely 
slow. This could be a solution for preparing a spin qubit 
with desirable coherence properties. For optically control- 
lable electron spin in self-assembled dot, enhancement of 
T 2 * up to microsecond by nuclear state preparation has been 
achieved respectively for a spin ensemble 12511 . and for a sin- 
gle spin B26I1 . For electrically controllable spin qubit, a re- 
markable experiment on nuclear state preparation was also re- 
ported [27]. In an electrostatically defined double-dot system, 
a cyclic experimental control of the two-electron state through 
the resonance between the singlet and one triplet state, de- 
signed for dynamical nuclear polarization (DNP), has sur- 
prisingly enhanced the inhomogeneous dephasing time of the 
two-spin states to microsecond 02711 . 

In this work, we reveal a feedback loop that naturally lies 
in the electron-nuclear spin dynamics: the nuclear hyperfine 
field can perturb the spin orientation of the electron eigen- 
states in a moderate external field, which in turn determines 
the back-action to the nuclear spin configuration. This makes 
possible measurement-free quantum feedback control of nu- 
clear field squeezing for enhancing electron spin dephasing 



time. We show that the cyclic experimental controls adopted 
for DNP in coupled double-dot |27, 28, 29(] can be an ex- 
emplary realization of such feedback. In particular, the en- 
hancement in two-spin dephasing time observed in Ref. |27| is 
shown to be a manifestation of this feedback squeezing of the 
nuclear field gradient between the two dots, and our theory is 
in quantitative agreement with the experimental observations. 
The feedback effect on the nuclear field is shown to depend 
on the sign of the hyperfine constant. For the similar system 
of Ge/Si double quantum dot recently realized with high qual- 
ity and controllability ll30il3lll . the same control as in Ref.l27l 
will magnify the fluctuations in the nuclear field gradient. We 
show that feedback squeezing in such system with negative 
hyperfine constant can also be realized by arranging the DNP 
cycle to pass through a different singlet-triplet resonance. 

Cyclic DNP control in double-dot. — We first briefly explain 
the DNP cycles controlled by voltages applied to electrostatic 

A schematic 
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gates in the double dot system 
energy-level diagram with (n, m) indicating the charge oc- 
cupancies of the left and right dots is shown in Fig. Q] A total 
of five two-electron states are involved: the singlet and triplet 
states of the (1,1) charge configuration, and the singlet state 
of the (2, 0) charge configuration. All other states are well de- 
tuned and can be neglected. The detuning e between the (2, 0) 
and (1,1) charge configurations is gate-controlled. The three 
triplet states (T_, Tb,T+) of the (1,1) configuration are split 
in a magnetic field. In the vicinity of the (2, 0) — (1, 1) charge 
degeneracy, inter-dot tunneling causes the anti-crossing of 
the two singlet states (2,0)5 and (1,1)5. Away from the 
(2, 0) — (ljl) charge degeneracy point, the residue inter-dot 
tunneling results in an exchange splitting between (1,1)5 and 
(1, 1)Tq, which allows the (1, 1)5 state to be degenerate with 
(1, 1)1+ or (1, 1)T_ at negative or positive e. DNP are highly 
efficient at the 5 — T + and 5 — T_ degeneracies since energy 
conservation can be directly satisfied 12811 . 

In the experiment of Ref. 27, the double dot is initialized on 
the (2, 0)5 state when e is large and positive (see Fig.HJ. The 
two-electron wavefunction is adiabatically evolved to (1,1)5 
state as e is tuned to negative by gate-control. The evolu- 
tion is slowly passed through the 5 — T + degeneracy, where 
the S — ► T_|_ transition is expected to occur with a simulta- 
neous flip down of one nuclear spin. On the state (1, 1)T+, 
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the gate-control will be rapidly brought back to the large and 
positive e, waiting for the double dot to be initialized again to 
the (2, 0)5 state. The cycle is iterated at the rate of 4 MHz 
in an external field B = 10 mT. Measurement indicates that 
the DNP cycles establish a steady-state nuclear field of ~ 10 
mT, corresponding to a modest nuclear polarization of ~ 1%. 
Surprisingly, the experiment shows that the dephasing time 
between the spin states | f).t| 1)r an d I 1)r is increased 
from 15 ns to ^ 1 ps after DNP pumping for ~ 1 s. Here and 
hereafter, | f ) and | J.) denote the eigenstates of S z , the com- 
ponent of electron spin along the external field in z-direction, 
and L and R denote left and right dots respectively. 

Each electron is coupled to the nuclear spins in the same dot 
by the contact hyperfine interaction iJ c „ n = J2 n a n S z I^ + 
\a n (5 + /,7 + 5 _ I+). The electron-nuclear flip-flop by S + I~ 
or 5~Z+ is responsible for the DNP when (1, 1)5 is in reso- 
nance with (1, 1)T + or (1, 1)T_, but is suppressed when their 
detuning is large. The longitudinal part H%_ a = S z ^ n a n I% 
contributes the nuclear field along the external field direc- 
tion. The evolution of the relative phase between the two- 
spin states | X)l\ [)r and | \)r in an arbitrary nuclear 
spin-configuration \J) is then determined by the nuclear field 
gradient A* L - A Z R , where A Z L(R) = (J\ £ n6l/(R) a Jn\J) is 
the nuclear field in the left (right) dot. Since the experiment 
in Ref. 27 is performed at a temperature (~ 100 mK) many 



orders larger than the nuclear Zeeman energy (~ 0.01 mK), 
the initial nuclear spin bath under thermal equilibrium has 
equal probability on every possible spin-configuration. In the 
ensemble averaged evolution, the phase coherence between 
I T)l| 1)r and | |)/,| t)-R i s determined by the ensemble 
averaged factor ~^2j e~^ AL ^>~ a r^^ 1 . Thus, the statistical 
fluctuation of A Z L — A Z R in the various possible nuclear spin 
configurations leads to the inhomogeneous dephasing. The 
observed dephasing time of 15 ns before the DNP pump is 
in agreement with the calculated fluctuations of a thermally 
distributed nuclear spin bath [27]. The enhancement in de- 
phasing time is clearly due to the squeezing of fluctuation in 
the nuclear field gradient. 

Feedback squeezing of the nuclear field gradient. — We 
show below that the nuclear field gradient perturbs the spin 
orientation of the singlet state in the moderate external field, 
inducing an electron spin gradient between the two dots. 
Therefore, in each DNP cycle, the flip-down of a nuclear spin 
is likely to occur in the left or the right dot depending on the 
sign of A Z L — A Z R . This feedback mechanism is the key to the 
squeezing of the fluctuations in the nuclear field gradient. 

With a nonzero nuclear field gradient, H z _ n will couple 
(1, 1)5 to the (1, 1)T state. Near the (1, 1)5- (1, 1)T+ reso- 
nance, considering this off -resonance coupling, the wavefunc- 
tion of the (1, 1)5 state (labeled as ® in FigQ} is corrected to: 
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where gpsB is the electron Zeeman energy in the total mag- 
netic field. If A R < A* L , |a + ,_| 2 < |a_ !+ | 2 so the elec- 
tron spin polarization is negative in the left dot and positive 
in the right dot in the (1, 1)5 configuration. Therefore, upon 
the 5 — > T + transition, the flip down of a nuclear spin is 
more likely to occur in the left dot, which decreases A Z L and 
reduces \A Z L — A Z R \. If A R > A Z L , the electron-nuclear flip- 
flop is more likely to occur in the right dot which also reduces 
I A Z L — A R | . Thus, in a single event of electro-nuclear flip-flop, 



the expectation value of \A Z L 



-,+ l 



A R \ is unconditionally reduced 
where a is the typical 
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coupling strength between the electron spin and one nuclear 



each DNP cycle, the reduction in expectation value of \A Z L — 
A R \ is the average effect of two possible events (i.e. a nuclear 
spin flip in dot L or in dot R), so this control has an intrin- 
sic stochasticity described by Fo(t) = J2 S a sa8(t — si 1-1 ), 
where a s is randomly selected from 1 and —1. Fs(i) is a 
stochastic force describing the spectral diffusion of the nu- 
clear field 0B Ell- Clearly, this feedback control 
is only determined by the nuclear spin flip rate T and is in- 
dependent of whether the electron-nuclear flip-flop process is 
adiabatic or not 1231 12711 . showing the robustness of the feed- 
back loop. Regardless of the initial nuclear spin configura- 
tion, the feedback control always drives the nuclear spin bath 



spin, a ~ ^ ~ IIP 
fine constant and N 



, with A - 10 11 s" 1 being the hyper- towards a stable configuration with A Z L = A Z R . 



10 7 being the total number of nuclear 
spins [27]. 

For an arbitrary initial nuclear configuration, the evolution 
of A Z L — A Z R by the DNP cycles is universally described by the 
Langevin equation 

±{A' L ~ A' R ) = (Al A%) + F (t) + F 3 (t), (2) 

at g/iBJD 



Comparison with experiment. — The residue statistical fluc- 
tuation in the steady-state is determined by the competition of 
the feedback squeezing with the spectral diffusion process and 
the intrinsic stochasticity. Spectral diffusion in a nuclear spin 
bath is mainly caused by pair-flips between neighboring nu- 
clear spins JH, 33, 34, 35[ l36ll . The nuclear field shift by a 
A/V~3, and the number of pair-flips in 



single pair-flip is ^ 
a time period T _1 



is - M>2p-2 with b 



10 2 



where T is the number of nuclear spins flipped per second. In the energy scale of nuclear dipolar interaction 11341 135 



being 
' 3- 
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FIG. 1: Top: energy-level diagram of the coupled double-dot. The detuning e between the (2,0) and (1, 1) charge configurations is gate- 
controlled. The anti-crossing of the (2, 0)S and (1, 1)S is due to inter-dot tunneling which can be independently controlled. Bottom: feedback 
loop in the DNP cycle passing through the S — T+ resonance in an external field along z-direction. The statistical broadening in the nuclear 
field gradient A Z L — A Z R is squeezed (magnified) if the hyperfine constant A is positive (negative). 



Thus the residue statistical fluctuation due to spectral diffu 

b 2 r~ 2 AN- 1/3 



Ref.|27l B ~ 10 - 20 mT and T 
each cycle can flip down a nuclear spin with a probability of 



t— . In the experiment of 
' 0.4 — 4 MHz assuming 



10% - 100%, so A(A Z L - A* R ) ~ 10 4 - 10 6 s" 1 . The residue 
fluctuation due to the intrinsic stochasticity Fq can be easily 

10 6 s^ 1 . Besides, 
us which 



calculated: A(A Z L - A Z R ) = y/agJI^B w lir s 
the intrinsic spin dephasing has a timescale F 



is not affected by this feedback control 11321 133L 134 135L |3 



Thus, Eq. $2^ predicts that the enhancement in ensemble spin 
dephasing time saturates at T 2 * ~ F-i ~ ^s, consistent with 
the finding in Ref . |27 . 

Eq. (O also predicts that the statistical broadening de- 
creases in an exponential form exp(— ^° fl rf). For DNP rate 
r ~ 0.4 - 4 MHz, a DNP pump time of 1 - 0.1 s is needed 
to squeeze the initial thermal fluctuation by a factor of ~ 70 
down to 10 6 s _1 . This is consistent with the experimental 
observation that TX is enhanced to microsecond after a DNP 
pump time of ~ s M27I1 . To achieve the squeezing factor of 70, 
the total number of nuclear spins flipped down by the DNP 
cycles is N^j^- ln(70) ~ 0.017V, exactly corresponding to 
the nuclear polarization of ~ 1% seen in the experiment II27I1 . 



It is obvious from Eq. (O that the feedback depends on the 
sign of the hyperfine constant. As the hyperfine constants 
for the isotopes of Ga, As, and Al are all positive 0371], the 
S — > T + control loop realizes negative feedback that squeezes 
the nuclear field gradient. In the similar system of Ge/Si dou- 



ble quantum dot [30[ 31 1, since 29 Si and 73 Ge both have neg- 
ative hyperfine constant lf38ll . the same control shall result in 
positive feedback that magnifies the fluctuations in the nuclear 
field gradient. 

Feedback control via S — > T_ transition. — We have an- 
alyzed so far the feedback loop that lies in the DNP cycle 
involving the S — > T + transition. The singlet state (1, 1)5 
can also be brought into resonance with the other triplet state 
(1, 1)T_ at positive detuning e (see Fig.Q]), and we may utilize 
this transition as well for control of the nuclear spins. 

Near the S — T_ resonance, the wavefunction of the (1,1)5' 
state (labeled as © in Fig.Q]) is given by, 

I T)l| 1>h - | ih\ T)h , A' L - A' R | T)l| 1)r + | 1)r 
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In this case, if A Z R < A Z L , the singlet state has a larger proba- 
bility on the | X)l\ 1)r component, so the flip up of a nuclear 
spin is more likely to occur in the left dot upon the S — * T_ 
transition. Thus, the S — > T_ transition increases (decreases) 
\A Z L — A Z R \ if the hyperfine constant is positive (negative), just 
opposite to the effect of the S — * T + transition. By cyclic 
controls through the S — * T_ transitions, feedback squeez- 
ing of the nuclear field gradient can be realized in the Ge/Si 
double dot where the hyperfine constant is negative 1 3(1 31]. 

In the S — > T_ control cycles, the two-electron state 
evolves in the sequence: ®-^©— >©— >®^(D (see Fig.[T]), 
which can be realized by an experimental control similar to 
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the one used in Ref.|27[ The ® — > © evolution can be realized 
by sweeping the detuning e with inter-dot tunneling switched 
off, since the detuning and tunneling are controlled by inde- 
pendent electrodes tXA 13011 . 

Summary and outlook. — Feedback control is necessary to 
compensate unpredictable disturbances, or to make control 
possible when the initial state of the system is uncertain. In 
a standard feedback loop, a sensor measures the system vari- 
able being controlled, and the difference between the actual 
and desired value is then sent to a controller to manipulate the 
system to minimize this difference. 

The example here demonstrates a new possibility for feed- 
back control of microscopic and mesoscopic quantum sys- 
tems. When two quantum systems are put into contact, their 
interaction can play multiple roles as best illustrated by this 
coupled electron-nuclear spin dynamics. Hyperfine interac- 
tion with nuclear spins causes decoherence of the electron spin 
and hence feedback control is necessary to reduce the uncer- 
tainty in the nuclear hyperfine field. Interestingly, the electron 
spin itself provides an ideal handle. In the feedback loop for 
controlling the mesoscopic nuclear spin bath, the electron si- 
multaneously plays the roles of both key elements, i.e. the 
sensor and the controller. The difference between the actual 
and desired nuclear field value is instantaneously encoded into 
the electron spin state. The electron, manipulated in a prede- 
termined manner, then shepherds the nuclear spin dynamics 
with the desired negative feedback. The feedback control loop 
does not involve explicit measurement steps. 

The author acknowledges stimulating discussions with Xi- 
aodong Xu, D. G. Steel, D. Gammon, and L. J. Sham. 
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